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Solitonlike propagation in photorefractive crystals with large optical activity and absorption
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We have found analytical solutions of the light propagation equations in photorefractive materials with
strong optical activity and absorption. These solutions show the occurrence of breathing solitons in sillenite
crystals with strong optical activity and absorption in two particular orientations with respect to the external
electric field. The absorption is decreasing the soliton intensity with the propagation distance~which set a limit
in the soliton channel length!, is increasing the breathing period, and is changing the soliton width~in inverse
relations, at low and high intensities!. Our experimental results confirm the analytical solutions and the nu-
merical simulations, as well as the importance of the optical activity and absorption in solitonlike propagation.
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I. INTRODUCTION

Steady-state spatial solitons at low laser intensity h
been proved to exist by (111)D and (211)D ~D means
dimensional! compensation of diffraction by refractive inde
modulation in photorefractive crystals@1–11#.

The steady-state~screening! solitons were first predicted
by Segevet al. @1,2# and by Christodoulidis and Carvalh
@3#. They assumed the~incoherent! superimposition of the
focused signal beam on a collimated background beam in
photorefractive crystal~PRC!. The background ensures
constant pumping of electric charges, provides the dep
dence of the refractive index change on the average l
intensity in steady-state conditions, and drives the system
a stable modification of the refractive index, i.e., to a sta
soliton formation in the signal beam propagation. In order
obtain the spatial soliton, both beams are propagating pa
lel along an appropriate crystallographic axis of the photo
fractive crystal and perpendicular to an external electric fie
which creates a dominant drift regime for the photorefract
effects. The static electric field inside the crystal is decrea
~screened! in the region of the focused beam, with a narro
Gaussian spatial distribution and a high optical intensity
the center. The resulting electric space-charge field induc
spatial refractive index modulation in the form of a wav
guide, which preserves the solitonic shape of the propaga
signal beam. The theory of steady-state solitons in PRC
further developed by Crosignaniet al. @4,5#.

Experimental observation of (211)D and (111)D
steady-state solitons and self-focusing in PRC was done
Shih et al. @6,9#, Iturbe Castilloet al. @7,8#, Kos et al. @10#,
Chenet al. @11#, Fressengeaset al. @12#, Wolfensbergeret al.
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@13#. Segevet al. @14# and Crosignaniet al. @15# wrote good
reviews over the major achievements in the field. Solit
interaction is being largely investigated too, see, for e
ample, the review by Denzet al. @16#.

Many photorefractive crystals~for example, the sillenites!
and organic nonlinear materials show important optical
tivity @17#, which complicates the wave propagation in the
anisotropic nonlinear media. Singh and Christodoulidis@18#
and Krolikowskiet al. @19# developed theoretical models an
numerical calculations for studying wave propagation a
possible (111)D soliton formation in these complex medi
They have shown that for some crystallographic orientati
and properly chosen beam intensity, nearly stationary pro
gation of solitonlike waves is possible. We have obtain
analytical and numerical results within a theoretical mo
for (211)D solitonic propagation in photorefractive crysta
with strong optical activity@20,21# and experimental result
proving the generation of (111)D solitons in Bi12SiO20
~BSO! crystals, at high external electric fields@21#. In this
paper, we describe (211)D analytical solutions of propaga
tion equations in PRC with strong optical activity and a
sorption. The relatively large absorption was previously@22–
24# correlated with good photorefractive properties a
consequently, it cannot be neglected in a realistic treatm
of spatial solitons. The existence of (211)D ‘‘breathing’’
solitons ~solitonlike waves! is demonstrated for particula
orientations of the crystals belonging to the sillenite fami
The dependence of the soliton features on different cont
lable parameters is also derived. Experimental results
well as numerical simulations in BSO crystals, confirm the
analytical solutions and the importance of optical activ
and absorption in soliton formation.
©2002 The American Physical Society05-1
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II. LIGHT PROPAGATION IN PHOTOREFRACTIVE
CRYSTALS WITH INDUCED BIREFRINGENCE, OPTICAL

ACTIVITY, AND ABSORBTION

The light propagation in a nonlinear anisotropic mater
with optical activity and absorption can be described by
wave equation for the electric vector of the optical fie
@10,11#:

¹2EW ~rW,t !2
1

c2 F «̂ ^
]2EW

]t2 1
g

k
S ¹W 3

]2EW

]t2 D G2
n0

c
a

]EW

]t
50,

~1!

wherec is the light velocity in vacuum,«̂ is the symmetric
dielectric permittivity tensor of the anisotropic material, ‘‘^’’
is the tensor-vector multiplication,g52 r0 /k is the gyration
constant,r0 is the optical rotating power,n0 the refractive
index, a the absorption, andk is the wave vector inside th
material.

Considering the classical solution of the form

EW ~rW,t !5AW ~rW !ei ~ks2vt ! ~2!

and introducing the slowly varying envelope approximati
~SVEA!, Eq. ~1! becomes

2ik
]AW

]z
1

]2AW

]x2 1
]2AW

]y22k2AW 1k2«̂ ^ AW 1 ik2g~eW z3AW !

1k2
g

k
~¹W 3AW !1 ikaAW 50. ~3!

In a simplified single species model, the photorefractive
fect consists of the photoionization of some donors and
refractive index modulation by the resulting electric spa
charge field~including carrier transport and recombination!.
In the steady-state and drift dominated transport conditio
the change of the dielectric permittivity tensor as a funct
of light intensity is described by a simple equatio
@2–4,10,11#. Crosignaniet al. @4# found out that, in both (1
11)D and (211)D cases, the dependence of the dielec
permittivity tensor on the optical field intensity is given in
good approximation by

«̂5@EW 0R̂n0
2#@11~AW /AI B!2#211 «̂0 , «̂05F«xx 0

0 «yy
G ,

~4!

whereE0 is the external electric field applied perpendicula
to the optical beams, along theOX axis,R̂ is the electro-optic
tensor of the anisotropic material,I B is the background in-
tensity, and«0 is the dielectric permittivity tensor in the dar
~Fig. 1!.

For a dispersionless optical activity we can write¹W 3AW

50W ~as justified in@17#!. In this case Eq.~3! can be written
in a more compact form using a new field,BW 52MW 3AW 5

2mêz3AW , whereMW 5mêz is the angular momentum of th
soliton beam andêz represents the unitary vector along t
propagationz axis. Thus a vanishing curl ofA means that the
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angular momentum of the solitonic beamm is a constant of
motion. If the curl ofA does not vanish, the optical activit
acts as a friction for the polarization rotation, destroying t
soliton that no longer conserves its angular momentum. T
condition, i.e., a constant angular momentum of the solit
has been confirmed experimentally too.

Using the normalized variables,j5kx; h5ky; z5kz,
Eq. ~3! becomes

L̂FBx

By
G1F ~«yy21! ~«xy1 ig1!

~«xy2 ig1! ~«xx21!
G FBx

By
G50. ~5!

In Eq. ~5!, we have introduced the operator

L̂52i
]

]z
1

]2

]j2 1
]2

]h2

and the effective gyration constant,g152@r02(a/2)#/k,
which includes the effects of the linear optical absorptio
One can diagonalize the permittivity tensor from Eq.~5! by a
counterclockwise rotation of the plane (Bx ,By) by the angle
w85 1

2 arctang@2«xy /(«xx2«yy)#, which leads to new field
components (Bx8 ,By8).

For cubic PRC and for the coincidence of the optical fie
axis ~z axis! with one of the principal directions of the inde
ellipsoid, one finds

«xx5«yy51, «xy5
c1

11~Bx8
21By8

2!/I B
,

c15n0
2r 41E05~1/n0

2!Dn→w85p/4, ~6!

with Dn being the refractive index change due to the pho
refractive effect~induced birefringence!.

Introducing the normalized field components,u
5Bx8/AI B, v5By8/AI B, Eq. ~5! takes the form

L̂Fuv G1F ~11u21v2!21 2 ig1 /c1

1 ig1 /c1 m~11u21v2!21G Fuv G50, ~7!

where m takes the values 0 or21 for the two important
orientations of the crystal, with the electric field along t
@001# and @110# directions, respectively. The rotation of th
light electric vector by the optical activity is more conv

FIG. 1. Wave propagation configuration in a photorefract
crystal for screening spatial soliton formation.
5-2
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niently described by thewave equation in cylindrical coor-
dinates ~scaled to the nonlinear birefringence coefficien,
c1!:

j85r cosw, h85r sinw, z85z5c1kz,

r5Aj821h825Ac1kAx21y2, w5arctan~y/x!.

Moreover, the separation of the slow components~enve-
lopesu1 , v1! from the fast ones~w! in the field vector, as

Uu~r,w,z8!

v~r,w,z8!U5A2/p
sin2~r1r08!

Ar1r08
F cos~w/2! sin~w/2!

2sin~w/2! cos~w/2!
G

3Fu1~r,z8!

v1~r,z8!G ~8!

transforms Eq.~7! into

2i
]uW

]z8
1

]2uW

]r2 1F ~11u21v2!21 0

0 m~11u21v2!21G Fu1

v1
G

1 i ~g1 /c1!~eW23uW !50. ~9!

In Eq. ~8!, r085p/2 is the integration constant for the slo
component. The width of the main lobe of the factor sin2(r
1r08)/Ar1r08, which appears in the field envelope, is e
pected to be much larger than the soliton width and con
quently we shall approximate this factor by 1.

In order to separate the induced birefringence and the
tical activity, we can take the envelope vector to rotate in
reference frame of the optical activity by the angleg1z8/c1

5g1kz, i.e., to transform it into a new vectorFW (r,z8) by the
vectorial product with an axial vectorgW (w,z8),

uW 5Uu1

v1
U5FW ~r,z8!3gW ~w,z8!. ~10!

We can restrict the form of the axial vectorgW (w,z8) by the
condition

2iFW 3
]gW

]z8
1 id @eW z3~FW 3gW !#50, ~11!

which eliminates the rotating term from Eq.~9! and leads to
the solution@17#

g~w,z8!'e2az/2ucosuu2, ~12!

with u5 1
2 @w22w81(g1 /c1)z822z08#5(1/2)@w1g1kz

2(p/2)#.
In Eq. ~12!, we can takew85p/4 for cubic crystals and

the initial phase of the optical activityz0850 from suitable
boundary conditions to ensure the continuity with the Gau
ian input beam. The axial vectorg(w,z8) leads to transverse
oscillations~breathing! of the propagating wave with the pe
riod

lb52l/g152p/@r02~a/2!#. ~13!
01660
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When cosu50, the modulus of this axial vector is singula
but the light field is limited by other factors in the solution
which compensate this behavior and ensure the power
servation, as will be shown.

After the transformation from Eq.~10! and the use of
condition ~11!, Eq. ~9! becomes

2i
]FW 1

]z8
1

]2FW

]r2 1F ~11u21v2!21 0

0 m~11u21v2!21G FFx1

Fy1
G

50. ~14!

The transformation of theF-vector components back int
the amplitude components of the light electric field can
found from

FAx

Ay
G5A2I Br /pg~w,z8!F sinu 2cosu

cosu sinu G FFx1

Fy1
G . ~15!

Within SVEA, one can take

u21v25~2/p!@Fx1
2 1Fy1

2 #g2. ~16!

To proceed further with solving the propagation equatio
we shall do some piecewise linearizations of the permittiv
~space-charge! characteristic function of the photorefractiv
crystals.

A. Solitonlike analytical solutions of the wave equations in
PRC with optical activity and absorption at low

intensity levels

At low light intensity levels, the intensity dependent facto
from Eq. ~4! can be approximated by (12I /I B)51
2r (I /I 0), ~I 0 is the maximum input intensity,r 5I 0 /I B! and
Eqs.~14! become

2i
]Fx1

]z8
1

]2Fx1

]r2 1mF12
2r

p
g2~w,z8!~Fx1

2 1Fy1
2 !GFx1

50,

2i
]Fy1

]z8
1

]2Fy1

]r2 1F12
2r

p
g2~w,z8!~Fx1

2 1Fy1
2 !GFy150.

~17!

We are looking for spatial solitons, therefore, we are int
ested in the transverse component decoupling. This de
pling is based on the large period ratio of the transverse
axial oscillations, which allows us to write theF functions as

Fx15eimz8/2cx~r!, Fy15ei z8/2cy~r!,

~cx
21cy

2!<ucxu21ucyu2. ~18!

The substitution of Eq.~18! into Eqs.~17! leads to the trans-
verse~envelope! equation system

]2cx~r!

]r2 2m
2r

p
g2~w,z8!~cx

21cy
2!cx50,
5-3
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]2cy~r!

]r2 2
2r

p
g2~w,z8!~cx

21cy
2!cy50, ~19!

where the newc functions are related to optical~electric!
field components by

FAx

Ay
G5A2I Br /pg~w,z8!F sinu 2cosu

cosu sinu G
3Feimz8/2 cx~r1!

ei z8/2 cy~r1!
G . ~20!

In Eq. ~20!, we have denoted

r15A2r /pg~w,z!r5A2r /pe2az/2UcosS 1

2D
3S w1g1kz2

p D U21

r5r/~Dr!1 ~21!

2
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and (Dr)1 is the normalized beam width~for r !1!.
At this point, we shall take into account the two importa

orientations of the cubic crystals, imposing the abov
mentioned particular values for the parameterm.

Case 1. m50 ~the external electric field oriented alon
@001# direction!. The solutions of Eqs.~17! and ~19! are

cx~r1!5cx0 exp$2@r1
2w0

2/~w0
414z82!#%

3@p2~w0
414z82!#21/4,

cy~r1!56
i&cx

cosh~cx0&r1!
, ~22!

where cx0 is the wave amplitude~by normalization,cx0
51! andw0 is the input Gaussian beam width. The optic
field components are
FAx

Ay
G5A2I Br /pg~w,z8!F sinu 2cosu

cosu sinu G F exp$2@r1
2w0

2/~w0
414z82!#%@p2~w0

414z82!#21/4

i& cosh21~&r1!exp$2@r1
2/~w0

214z82/w0
2!#%@p2~w0

414z82!#21/4G ~23!
the

ller

i-

d is
defining a wave, which has a confined ‘‘breathing’’ core a
a weak diffraction part in both components. The total inte
sity of this wave is

I ~r,w,z8!5~2/p!I B~rg2!@cx
21cy

2#'~2/p2w0
2!I B~rg2!

3exp~22r1
2/w0

2!b112 cosh22~&r1!c. ~24!

The approximation holds for short crystals~BSO crystals
usually used, due to large absorption!. One can remark tha
the jumps ofg function ~when cosu50! are balanced by the
exponential factor, so that the total intensity preserves
solitonlike shape. The initial conditions lead to the relatio
w0'6r /p3/2 and to smallw0 , which are restrictive condi-
tions for (211)D solitons.

The total intensity from Eq.~24! can be graphically
shown, as a function of the propagation distance, for an
tical activity of 10°/mm~in Figs. 2~a, b!, as for Bi12TiO20
~BTO! crystals@17#! and for an optical activity of 45°/mm
~in Fig. 2~c!, as for BSO crystals@17#!. In these figures, the
crystal length is chosen to be 8 mm, the input Gaussian b
width is 10 mm, andr 50.1. One can remark that the so
tonlike propagation is maintained in the presence of opt
activity and absorption with better confinement at higher
ternal electric fields. The increase of optical activity~at given
absorption coefficient! decreases the soliton breathing peri
and the increase of absorption coefficient~at a given optical
activity! slightly increases the soliton breathing period with
simultaneous increase of soliton width and attenuation.

The soliton width is obtained by combining the maximu
width of the hyperbolic secant~at the maximum values o
cos function!:
-

e
,

p-

m

l
-

~Dr!15Ap/2r
1

g
5Ap/2re1az/2UFcosH zS r02

a

2 D
1

w

2
2

p

4 J GU, ~25a!

which is close to a corresponding Gaussian function and
width of the Gaussian function of Eq.~24!. Thus, we can
calculate the maximum soliton width by

~Dr t!
22'~Dr1 max!

221~Apw0 /gAr !22. ~25b!

We can observe that the soliton maximum width is sma
than the Gaussian input beam~as expected! and decreases
also with the increase of the beam ratio,r. All transverse
variables were normalized by the factorkAn0

2r 41E0

5(2pn0
2/l0)Ar 41E0; thus, one can obtain the soliton max

mum width as

ws max5~Dr t!/kAn0
2r 41E0 ~25c!

and deduce its decrease when the external electric fiel
increased.

Case 2. m521 ~electric field oriented along@110# direc-
tion!. Equations~19! become

]2cx

]r1
2 1~cx

21cy
2!cx50,

]2cy

]r1
2 2~cx

21cy
2!cy50. ~26!
5-4
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FIG. 2. The total intensity of the propagating wave as a funct
of the distance with the external electric field,E0 , applied along the
@001# crystal direction~m50, perpendicular to the vertical propa
gation axis, Oz!, for different absorption coefficients. The max
mum propagation distance was taken 8 mm.~a! BTO crystal~opti-
cal activity r510°/mm!, E057.5 kV/mm, ~b! BTO crystal, E0

530 kV/mm; ~c! BSO crystal~optical activity r545°/mm!, E0

530 kV/mm ~according to the material parameters in@17#!.
01660
Passing through the characteristic equations of the sys
~26! and a differential equation of Riccati type@17#, we
found out the solutions at low intensity levels~cx0 , cy0
!1!,

cx~r1 ,z!5~cx0/2!b~4/3!@2coshr11 lnutanh~r1/2!u#21

2~coshr1!21c,
~27!

cy~r1 ,z!5~cy0/2!@~4/3!@2coshr11 lnutanh~r1/2!u#21

1~c coshr1!21#,

and the optical field components~for cubic crystals!

FAx

Ay
G5A2I Br /pg~w,z8!F sinu 2cosu

cosu sinu G
3Fe2 i z8/2cx~r1 ,z!

ei z8/2cy~r1 ,z!
G , ~28!

which is a breathing solitonlike wavealong both axes. Con
sidering the initial conditions~the identity with the 2D
symmetrical Gaussian input beam!, cx05cy05c0

5(2Ap/w0)1/2, the soliton like beam intensity is

I 5Ax
21Ay

25
1

Apw0

I Brg2~w,z8!

3H 16

9

F lnS UtanhS r1

2 D U D2coshrG2 1
1

~coshr1!2J .

~29!

One can remark that, for this crystal orientation, they com-
ponent is a transversely modulated~breathing! soliton and
thex component is a deformed version of the former one d
to the logarithmic term. The same initial conditions lead to
relation between the input beam width and the beam ratior,
namely:w0

25p/2r , which confirms the restrictive condition
for (211)D solitons observed in experiments with other m
terials. The total intensity of this breathing soliton can
graphically represented, for BTO@Figs. 3~a, b!# and BSO
@Fig. 3~c!# crystals, respectively, as a function of the prop
gation distance.

The solitonic channel produced by Eq.~29! is

~Dr!1'Ap/2r
1

g
5Ap/2re1az/2UFcosH zS r02

a

2 D
1

w

2
2

p

4 J GU. ~30!

In the first maximum of breathing wave, this normalize
width can be written as

n

5-5
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FIG. 3. The total intensity of the propagating wave as a funct
of the distance with the external electric field,E0 , applied along the
@110# crystal direction~m521, perpendicular to the vertical propa
gation axis, Oz!, for different absorption coefficients. The max
mum propagation distance was taken 8 mm.~a! BTO crystal,E0

57.5 kV/mm; ~b! BTO crystal,E0530 kV/mm; ~c! BSO crystal,
E0530 kV/mm ~according to the material parameters in@17#!.
01660
~Dr!1 max5Ap/2r
2r02a

Aa21~2r02a!2

3expH a

2r02a FarctanS a

2r02a D1
p

4 G J
5~Dr!1 maxS r ,

a

2r0
D . ~31!

The maximum soliton width can be immediately derived

ws15~Dr1 max!/kAn0
2r 41E0. ~32!

In the total intensity~29!, the optical activity~included in
g! leads to the breathing. The total intensity decrea
strongly with the propagation distance due to the large
sorption~included as well ing! and, for this reason, sillenite
crystals longer than few millimeters can practically not
used. The absorption leads also to a progressive decrea
the diffraction compensation by the nonlinear birefringen
~dominated by drift effect!. However, for the usual sillenite
crystal lengths and absorption, the soliton confinement is
sonably good. It can be noticed that the soliton intens
reaches high values in the points of thez axis defined by

cosFzS r02
a

2 D1
w

2
2

p

4 G50,

where a focusing occurs~within the power conservation!.
One can observe that the period of the transverse mo

lation as well as the soliton width~in the first half-period!
increase slightly with the absorption growth, for strong op
cal activity @Figs. 4~a,b!#. For the usual parameter values a
the external fieldE0530 kV/cm, the breathing period coul
increase for BSO crystals from 0.8 cm~without absorption!
to '1 cm ~with a51.7 cm21! and for BTO crystals, from
5.7 ~without absorption! to 7.3 cm~with a50.5 cm21! @Fig.
4~a!#. For absorption coefficienta51.7 cm21 and BSO crys-
tal length of 2 mm, the soliton width increase is of the ord
of 17%@Fig. 4~c!#. According to Eq.~32!, the optical activity
would decrease the soliton width@Figs. 4~b! and 4~c!#. The
soliton width increase due to absorption is compensating
favorable manner the decrease in width in the focusing in
val ~at least in the first half-period of the breathing, which
for BSO crystals,'5 mm!. Thus, the beam confinement
even improved in the experiments with the usual crystals

B. Solitonlike analytical solutions of the wave equations in
PRC with optical activity and absorption for signals

comparable to the background

For signal intensity comparable with the background i
tensity, the intensity dependent factor from Eq.~4! can be
approximated by1

4 (3-I /I B). Equations~14! become

2i
]Fx1

]z8
1

]Fx1

]r2 1~m/4!F32r
2

p
g2~w,z8!~Fx1

2 1Fy1
2 !GFx1

50,

n
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FIG. 4. The dependence of the soliton breathing period and
normalized soliton width on the absorption coefficient@~a! and~b!#
and on the optical activity~c!, at low intensity.
01660
2i
]Fy1

]z8
1

]Fy1

]r2 1~1/4!F32r
2

p
g2~w,z8!~Fx1

2 1Fy1
2 !GFy1

50. ~33!

The transverse component decoupling as in Eq.~18! leads to
the transverse equations system

]2cx~r1!

]r2 2m~r /4!
2

p
g2~w,z8!~cx

21cy
2!cx50,

]2cy~r1!

]r2 2~r /4!
2

p
g2~w,z8!~cx

21cy
2!cy50, ~34!

with

r25Ar /2pg~w,z!r5Ar /2p e2az/2UcosS 1

2D
3S w1g1kz2

p

2 D U21

r5r/~Dr!2 . ~35!

In this case, the soliton intensity takes the same form a
the case of low intensity. The width of the solitonic chann
can be defined similarly to Eq.~31!,

~Dr!2,max5A2p/r
2r02a

Aa21~2r02a!2

3expH a

2r02a FarctanS a

2r02a D1
p

4 G J ,

~36!

ws25~Dr2 max!/kAn0
2r 41E0, ~37!

but it is smaller due to the different range of values forr,

ws2'2Ar 1 /r 2'2Ar 1,ws1 ~38!

~indices 1 and 2 correspond to low and medium intensit
around 1!. This result is in agreement with the experimen
results. The period of the transverse modulation as wel
the soliton width~in the first half-period! are increasing with
the absorption growths, for strong optical activity, as in t
case of low intensity.

C. Analytical solutions of the wave equations in PRC with
large optical activity and absorption for high signal

to background intensity ratio

In this case, the intensity dependent factor from Eq.~4!
~proportional to the spatial charge field in the photorefract
crystal! can be written as

ESC;
1

11~ I /I B!
;

1

~ I /I B!
5

I 0

rI
, r 5

I 0

I B
~39!

and the equations of the field (Fx1
,Fy1

) take the form

e

5-7
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2i
]Fx1

]z8
1

]2Fx1

]r2 1
m

~2r /p!g2@Fx1

2 1Fy1

2 #
Fx1

50,

2i
]Fy1

]z8
1

]2Fy1

]r2 1
1

~2r /p!g2@Fx1

2 1Fy1

2 #
Fy1

50.

~40!

Using again the decoupling of the transverse compon
equation system, we obtain

]2cx~r!

]r2 2m
cx

~2r /p!g2~cx
21cy

2!
50,

]2cy~r!

]r2 2
cy

~2r /p!g2~cx
21cy

2!
50. ~41!

We can renormalize Eqs.~41! to

r35r/~Dr!35r/~A2r /pg!

'FAp/2reaz/2 cosS 1

2
f1

1

2
g1kz2

p

4 D Gr.

Case 1. m50. From Eqs.~40! and ~41!, one can obtain
the solutions

cx~r,z8!5exp$2@r3
2w0

2/~w0
414z82!#%@p2~w0

4

14z82!#21/4,

cy~r,z8!56
&cx

cosh@r32Sh
2/~11Sh

2!#
,

Sh
25Ap2/2w0

4~w0
414z82!cy~0,z8!21. ~42!

Assuming that the usual crystal length is small~to have ac-
ceptable attenuation! and that the perturbation term along th
propagation axis (Sh) is negligible, the total intensity of this
solitonlike wave takes the form

I ~r,w,z8!5~2/p!I B~rg2!@cx
21cy

2#'~2/p2w0
2!I B~rg2!

3exp~22r3
2/w0

2!b112 cosh22~&r3!c. ~43!

The total intensity from Eq.~43! is apparently similar to
that obtained at low intensity. However, the dependence
r3 on the axial functiong is inverted in this situation. One
can remark that the solitonlike propagation is maintain
here in the presence of optical activity and absorption, w
better confinement at higher external electric fields. The
crease of optical activity~at given absorption coefficient! de-
creases the soliton breathing period and the increase o
sorption coefficient~at a given optical activity! slightly
increases the soliton breathing period, with a simultane
attenuation increase and soliton width decrease.

We can remark that, at the propagation distances
which g→`, the solution~42! cannot hold and they com-
ponent should be replaced as well by the linear diffract
solution derived directly from Eqs.~40! leading to
01660
nt

f

d
h
-

b-

s

r

I ~r,w,z8!'2 exp$2@2r2w0
2/~w0

414z82!#%

3@p2~w0
414z82!#21/2. ~44!

Thus, in these points, the wave intensity loses the confi
ment and tends to the linear diffracting limit, with its widt
growing up to the normal diffracted beam width,

Dr5w0A114z82/w0
4. ~45!

This periodic behavior cannot disturb too much the solito
confinement in the most part of the propagation process

The soliton width is obtained by combining the width
the hyperbolic secant~which is close to a correspondin
Gaussian function!, for cos function equal to 1,

~Dr!3s5Ar /2pg5Ar /2pe2az/2, ~46a!

and the width of the Gaussian function of Eq.~43!. Thus, we
can calculate the maximum soliton width by

~Dr t!
22'~Dr3s!

221~w0gAr /p!22

5~2p/rg2!@11~&w0!22#. ~46b!

We can observe that the soliton width is smaller than
Gaussian input beam~as expected! and increases also wit
the increase of the beam ratio,r. As all transverse variable
were normalized, one can obtain the actual soliton wid
ws max5(Drt)/kAn0

2r 41E0 and deduce its dependence on t
external electric field. The initial conditions lead to the re
tion w0'6r /p3/2 and to smallw0 , which introduce restric-
tive conditions for (211)D solitons, which were observed i
experiments with other materials.

Case 2. m521. One can derive as for the low intensi
case,

]2cx~r3!

]r3
2 1

cx

cx
21cy

2 50,

]2cy~r3!

]r3
2 2

cy

cx
21cy

2 50. ~47!

The solutions of the equation system~47! can be written in
the matrix form

Fcx~r3!

cy~r3!G5e2S1~r3!F cosS2~r3! sinS2~r3!

2sinS2~r3! cosS2~r3!
G Fcx~0!

cy~0!G ,
~48!

where

S1~r3!5U12cosh2 2b1sin2 2a

~cosh 2b1cos 2a!2 U,
S2~r3!5U 2 sin 2a sinh 2b

~cosh 2b1cos 2a!2U,

5-8
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and

a5Ap/2
cx~0!

cx
2~0!1cy

2~0!
r3 ,

b52Ap/2
cy~0!

cx
2~0!1cy

2~0!
r3 . ~49!

The optical field components can be written as

FAx~r3 ,§8!

Ay~r3 ,§8!G5A2I Br /pg~w,§8!e2S1~r3!F sinu 2cosu

cosu sinu G
3F e2 i §8/2 cosS2~r3! e2 i §8/2 sinS2~r3!

2ei §8/2 sinS2~r3! ei §8/2 cosS2~r3!
G

3Fcx~0!

cy~0!G . ~50!

Equation~50! allows us to calculate the (211)D wave in-
tensity. If we consider the initial conditionscx(0)5cy(0)
5c05(Ap/4w0)1/2, then

a52b5Ap/2
r3

2c0
5

p

4

r

c0gAr
5~p/4!1/4

r

gArw0

,

I S~r3 ,z!5
1

Ap
I B

rg2~w,z!

w0
e22S1~r3!, ~51!

which is a breathing wave with the same period as in
previous cases~Fig. 5, for BTO crystals and Fig. 6, for BSO
crystals!.

We can remark that at the propagation distances,
which g→`, this solution cannot hold and it should be r

FIG. 5. The total intensity of the propagating wave as a funct
of the distance in a BTO crystal, at high intensity ratio,r 54, with
the external electric field,E0 , applied along the@110# direction and
perpendicular to the vertical propagation axis, Oz, for different
sorption coefficients,a. The maximum propagation distance w
taken 8 mm.
01660
e

r

placed by the solution of the linear system~diffraction! de-
rived directly from Eqs.~40!, as for Eqs.~44!. In these
points, the beam intensity width tends to the linear diffra
ing limit, i.e., the channel width is growing up toDr
5w0A114z82/w0

4. This periodic behavior does not distur
too much the solitonic confinement in the most part of t
propagation process~Figs. 5 and 6!. Actually, in Fig. 6, the
solution of linear diffraction is not introduced and the loc
deformations of the solitonlike wave~in the vicinity of the
distances at whichg→`! are exaggerated by the solutio
~51!.

The normalized widths of the wave component envelo
are

r3x52a5
r

Dr3x
, r3y[22b52

r

Dr3y
,

Dr3x5uDr3yu5~4/p!1/4gArw0. ~52!

The proportionality of the wave widths toAr corresponds to
the experimental findings. The initial conditions introdu
additional constraints,r higher than but close to 1 andw0

3

5r /p3/2, which are important in the experimental observ
tion of these solitonlike waves.

If we consider the (111)D case:cx(0)50; cy(0)51,
one can find

2a50, S2~r3!50, S1~r3!5th2r3y

and

I S~r3y ,z8!>
2

p
I Brg2~w,z8!

1

cosh2~r/Dr3y!
,

n

-

FIG. 6. The total intensity of the propagating wave as a funct
of the distance in a BSO crystal, at high intensity ratio,r 54, with
the external electric field,E0 , applied along the@110# direction and
perpendicular to the vertical propagation axis, Oz, for different
sorption coefficients,a. The maximum propagation distance wa
taken 8 mm. The wave intensity profile, around the points withg
→`, is oversized by Eq.~51!, instead of enlarging up to the norma
diffraction width.
5-9
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FIG. 7. The experimental im-
ages of signal wave propagatio
and soliton formation, in a BSO
crystal, for different external elec
tric fields ~displayed horizontally!
and propagation distances~shown
vertically!.
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, Dr3x→`. ~53!

III. EXPERIMENTAL AND NUMERICAL VERIFICATION
OF THE ANALYTICAL SOLUTIONS OF SOLITONLIKE

WAVES IN BSO CRYSTALS

Solitonic propagation of laser beams inside photorefr
tive BSO crystals has been experimentally demonstrated
ing the setup shown in Fig. 1. The BSO crystal was 8 m
long and was biased by a static electric field along its@001#
crystallographic direction@which corresponds tom50 con-
dition in Eq. ~7!#. It is simultaneously illuminated by the
focused Gaussian signal beam and by the uniform ba
ground beam (I B), at l5514 nm. In order to avoid electric
discharge in air due to the high static electric fields~up to 40
kV/cm!, the crystal is kept in an insulating liquid cell. A las
beam, orthogonally polarized with respect to the backgrou
is focused with a cylindrical lens on the crystal, giving
(111)D light beam~a light ‘‘sheet’’ with thickness of 15
mm!, at the input. The background is copropagated inside
crystal with a small angle with respect to the signal beam
order to obtain, far from the crystal, two well-separat
beams, from which the signal beam can be extracted by h
filtering.

Using this procedure, any coherent interaction betw
soliton and background beams, which might come out fr
any modification of the beam polarization, is strong
reduced. This configuration is preferable to the sid
illumination one also for the reason that the copropaga
beams suffer the same absorption and their intensity ra
r 5I 0 /I B , remains constant. After the crystal, a focusing le
images the output signal beam on a charge coupled de
camera with a magnification factor of about 20.

The complete recording of propagation and soliton form
tion is presented in Fig. 7, where the experimental images
different external electric fields and propagation distan
are shown. At 0 kV/cm, as well as at 20 kV/cm, the sign
beam is enlarged by diffraction; for the second bias, a s
focusing is present, which leads to a smaller beam width t
01660
-
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rd
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-
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in the former case~at 8 mm propagation distance!. The soli-
ton is instead formed only at electric fields equal or high
than 30 kV/cm, for which the signal beam keeps the sa
width along the entire propagation distance. At electri
fields higher than 35 kV/cm, the soliton breathing becom
evident~Fig. 8!, as described analytically and numerically

In Fig. 9, the normalized experimental beam waists
shown versus the signal/background intensity ratio,r, at E0
540 kV/cm, together with the analytical solutions~solid
lines! and with numerical solutions of Eq.~3! ~dashed line!.
It is interesting to note that the normalized waists scale
(I 0 /I B)21/2 for low I 0 /I B ~in this case,1!, while they scale

FIG. 8. The simulation of signal wave propagation in a BS
crystal, for different external electric fields~displayed horizontally!
and large propagation distance~six diffraction lengths!, which show
the soliton formation and the breathing occurrence~at 30 and 40
kV/cm!.
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s 0.06(I 0 /I B)1/21bias for high I 0 /I B ~.2!. The numerical
simulations derive from the use of aBPM code, which was
described in@22#. For the same external electric field, bo
the numerical integration and the experimental data sho
minimum (111)D soliton width atr'0.8, which cannot be
predicted by the analytical solutions. The experimental d
show that the breathing period is not constant, but depe
on the experimental conditions, as it was analytically d
scribed. The agreement between the analytical, numer
and experimental data is good.

IV. CONCLUDING REMARKS

We have obtained analytical solutions for the light prop
gation in the most complex optical photorefractive materia
involving induced optical birefringence, optical activity, an
absorption. In cubic PRC, we have demonstrated the oc

FIG. 9. The normalized experimental beam waist versus
signal/background intensity ratio,r, at E0540 kV/cm, together
with the analytical solutions~solid lines! and with numerical solu-
tions of Eq. ~3! ~dashed line!. The normalized waists scale a
(I 0 /I B)21/2 for low I 0 /I B ~in this case,1!, while they scale as
0.06(I 0 /I B)1/21bias, for highI 0 /I B ~.2!.
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rence of (211)D spatial solitonlike waves, for the extern
electric field applied along@001# and@110# crystal axes. The
spatial solitons are transversely modulated~breathing!, due
to the combined action of the optical activity and absorptio
The components of the rotatory optical field are coupled a
interchange energy in the wave propagation alongz axis. The
polarization of the incident field is changed in the propag
tion.

The conditions for the occurrence of (211)D solitons are
more complex than in the case of (111)D solitons and lead
to a more limited range of experimental paramet
(w0 ,E0 ,r 5I 0 /I B).

The analytical results are supported by our numeri
simulations and experimental results, which were obtain
with BSC photorefractive crystals exhibiting large optical r
tating power and absorption. The solitonic behavior and
soliton breathing at high external electric fields, as well
the soliton width dependence on the beam intensity ra
show a good agreement between the theoretical and ex
mental data. Our results are in agreement with the numer
ones obtained by Krolikowskiet al. @19#, in the (111)D
case, without absorption.

The theoretical derivation of the dependence of the soli
features on different controllable parameters is done in or
to further exploit our solutions. The breathing period i
creases with the absorption growth, for strong optical ac
ity. The soliton width~in the first half-period, which matche
the usual crystal lengths! decreases with the beam ratio,r, at
low intensity and increases withr, at high intensity. The
dependence of soliton width on absorption coefficient is
verted with respect to that onr.
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